Asymptotically stable control of biped robots, especially based on reproducing passive periodic motions, have become of interest nowadays. In this paper,¯rstly, a three-dimensional (3D) stable passive biped walker which is a compass gait one with°at feet, compliant ankles and particular arrangement of moments of inertia has been presented. Then, a passivity-based control of the related biped robot based on elaborating 3D form of potential energy shaping method has been applied. In other words, by adding minimal actuations to the aforementioned passive walker, its passive periodic gait that belongs to a particular slope has been reproduced on any arbitrary surface such as the level ground. Simulation results support the e®ectiveness of the proposed approach.
Introduction
E®orts to empower biped robots have increased the number of actuations as well as the complexity of control strategies. [1] [2] [3] To address these issues, some researchers proposed passive dynamic walking as a new design and control paradigm.
McGeer 4, 5 pioneered the investigation of \passive biped walkers" which can walk down a mild slope, are only actuated by gravity, and do not have a detailed control input. The resultant periodic gait looks very natural and expresses an asymptotically stable limit cycle in the state space analysis of the walker. Accordingly, a new set of \powered/controlled biped robots" has been developed that concentrates on limit cyclic or asymptotical stability instead of equilibrium point stability (like Zero Moment Point (ZMP) 6 criteria). 7, 8 These robots walk more naturally and with higher e±ciency (less energy consumption) in comparison to the earlier versions.
Research in this area has been mostly done on two-dimensional (2D) biped models with motions restricted to the sagittal plane and simple dynamical analysis. [9] [10] [11] [12] In contrast, little research has been done on three-dimensional (3D) biped models so far. 1 In what follows, we categorize these researches into two groups, i.e., research related to purely \passive walker" and research related to \controlled robot", and review them separately.
First, in case of purely \passive walker", theoretical research indicates that common 3D biped models possess only \unstable" passive periodic motions due to lateral instability. 13, 14 However, Collins et al. 15 designed and built the¯rst successful 3D passive walking machine through physical insight and experimentation, not based on a theoretical model analysis.
To the best of our knowledge, very few studies have presented the 3D theoretical model of a stable passive biped walker and considered its complete 3D analysis. Probably, the most important works in this area are Refs. 16 and 17 wherein a 3D compass gait biped model with arc feet and particular arrangement of moments of inertia was proposed. However, having arc feet and rigid ankle, this model is problematic in view of physical implementation, and furthermore, it does not provide an appropriate point of departure for theoretical investigation of Passivity-Based Control (PBC) biped robots of our interest. In the latter case, it is not possible to add any ankle actuation to this model.
Recently, some researchers have considered replacing the arc feet with°at feet and ankle springs, and accordingly, some experimental prototypes have been developed using this idea. [18] [19] [20] [21] [22] However, these investigations in 3D cases are based on experiments; their models are still fundamentally 2D models.
In this paper, we exploit this idea to improve the aforementioned valuable model of Refs. 16 and 17 and enhance its capability.
As for the other aspect of this paper, i.e., 3D \controlled robot", so far, several researchers have developed asymptotically stable control architectures with and without using passive-dynamic machines. Some important instances in this regard are as follows.
Collins et al. 23 demonstrated some 3D real robots capable of walking on level ground with extremely simple PBC that compensates energy dissipation during foot collisions. However, they did not emphasize on using a feedback control to achieve a wide range of movements with a guaranteed stability. Chevallereau et al. 24, 25 have used a \virtual constraint and hybrid zero dynamics" method which was actually an extension of their previous works on 2D models. This approach is very valuable since theoretically it provided guaranteed stability. However, their sophisticated setting does not necessarily lead to an optimal gait pattern because of the virtual constraints imposed on the motion. Also, Guobiao et al. 26 linearized the dynamics of a 3D biped robot along a periodic solution and then controlled its discrete-time approximation. This approach, however, made the whole stability of the closed loop system di±cult to assess.
The control architecture of our interest in this paper is a PBC method as potential energy shaping was initially proposed for walking robots by Spong et al. 27 Spong and colleagues showed that by adding a small amount of power to substitute gravity, the passive walker's dependency on a particular slope can be removed. This means that the stable gait of a passive walker can be precisely reproduced on other arbitrary slopes for the corresponding robot. Spong et al. initially applied this method on 2D biped models and considered improving the system by enlarging the region of attraction, regulating forward speed or step length of the robot, etc. in their subsequent works. [28] [29] [30] [31] [32] However, since the above-mentioned stable purely passive 3D biped model is rare, extracting this attractive PBC in 3D models became a signi¯cant challenge. To the best of our knowledge, so far attempts to apply this idea directly on 3D models have been fruitless. Furthermore, only Spong and Bullo 33, 34 have conceptually discussed the applicability of this method for a potential 3D biped robot. Some researchers have tried to reduce a 3D biped dynamics by decoupling it to two 2D sub-dynamics concerning the frontal and sagittal planes, and then applied the fundamental 2D version of potential energy shaping method. 35, 36 However, such dynamics decoupling required rigorous settings. Furthermore, it was neither theoretically certi¯ed nor e±cient, especially due to the presence of impact phases in motion.
Our contributions in this paper are twofold. Firstly, we propose a complete 3D theoretical model of a purely passive biped walker À À À equipped with°at feet, ankle compliance and particular arrangement of moments of inertia À À À which can walk down on shallow slopes stably. Then, based on this theoretical model, we are able to elaborate and apply the 3D version of potential energy shaping method for the corresponding 3D powered robot quantitatively. Findings of this work will provide additional insights into the capability of such PBC of walking and the possibility of applying it in real world.
In fact, this work is a key primary step for studying and controlling 3D maneuvers of such biped robots, including turning or avoiding obstacles. 17, [37] [38] [39] The rest of the paper is organized as follows:¯rst, 3D biped model of our interest and its equations of motion are introduced. Then, considering the model as a purely passive walker, we show its stable periodic gait on particular slopes (using Poincare map). In the next section, the theory of potential energy shaping in 3D is described. Finally, this approach is applied to the model as a powered robot, enabling it to walk on arbitrary surfaces.
Description of 3D Biped Model
A theoretical 3D biped model with arc feet (see Fig. 1 ) and stable passive walking pattern was well investigated in Refs. 16 and 17. This was a compass gait model equipped with arc feet and rigid ankles and used a particular arrangement of moments of inertia.
An arc-feet biped walker not only looks like a human, but also encounters some practical problems. An arc-feet biped walker cannot stand upright, and the arc of the feet prevents from su±cient friction on the feet soles to prevent slippage (the contact area of the foot is a point or line). Moreover, in case of an active robot, its rigid ankle does not permit adding any actuation to control the stance leg's orientation with respect to the ground.
To address these problems, we investigate an alternative 3D model with°at feet and compliant ankles (Fig. 2 ). The proposed model is the same as the one studied by Sabaapour et al. 17 except for the structure of its feet and ankles. The model includes a rigid body compass-like biped composed of two symmetrical legs of length l connected to a hip joint of width w with 1 degree of freedom (DOF). Each leg has a mass of m and inertia matrix I ¼ ½I ij at its Center of Mass (CM) located on ½x cm ; y cm ; z cm , all with respect to its body coordinate. The legs are also connected to°at feet 
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through 3DOF compliant ankle joints ( Fig. 2(b) provides a zoomed in schematic view). Each ankle provides 3DOFs for the leg with respect to the ground or foot, expressed by 3-1-2 Euler rotations, i.e., yaw ('), roll ( ) and pitch (), respectively. These rotations are assumed around the leg's body coordinate axes (i.e., around Zs, Xs and Ys sequentially in case of stance leg). As can be seen, these 3DOFs are also accompanied by three rotational sti®nesses called k ' , k and k , respectively. It should be noted that the hip and feet are assumed massless in the model. Generally, the walker is considered on a ramp of angle . Thus, according to Fig. 3 , the model can be totally identi¯ed by 4DOFs with respect to the vertical¯xed frame (XYZ): the three aforementioned DOFs expressing yaw-roll-pitch angles of stance leg with respect to the ground, i.e., À À , respectively, and one additional DOF expressing the only relative motion of swing leg with respect to the stance leg at hip joint, i.e., sw . So, the generalized coordinates and the state vectors of the model are written as
It should be noted that two out-of-plane DOFs (with respect to sagittal plane), namely yaw ('Þ and roll ( Þ, make the main di®erences of the presented 3D model regarding the commonly used 2D ones. Since the present model has a¯nite (non-zero) hip width, each complete stride consists of two subsequent steps at least, namely left step and right step. Each step by itself consists of two phases of motion; i.e., single support or continuous phase and double support or collision phase.
Single support or continuous phase: In this phase, the model is supported on one leg (stance leg) while the other leg (swing leg) is moving freely. Dynamics of this phase has a continuous nature and can be determined via the Lagrangian method, i.e., where T and U are the kinetic and potential energies of the whole system, and U g and U k denote gravitational and nongravitational parts of U , respectively; hence
Moreover, u is the control input vector and B indicates its coe±cient matrix (note that Bu ¼ 0 in case of purely passive walker). The above equations yield the standard form of
in which M is the inertia matrix, and C and G are coriolis and gravity vectors, respectively. More details of the equations of motion are given in Appendix A.
Finally, the equations of motion for this stage can be interpreted in the state space as
Double support or collision phase: Double support phase begins when the foot of the swing leg contacts the ground. As it is common in the literature, to simplify the analysis, this contact is assumed to be an instantaneous and perfectly plastic collision, leading to an instantaneous, discrete dynamics for the double support phase. In this phase, velocities experience quick and instantaneous changes while the con¯guration remains unchanged. 40, 41 Similar to Farrell et al., 42 we use the following assumptions: unlike the impact forces, the spring forces are limited and can be ignored, and the feet are ideal with no mass or thickness. Therefore, the angular momentum about the ankle of the touching foot is preserved during this phase. Following the method mentioned in Ref. 43 , the transition rule between two sets of the generalized coordinate rates at the instant of collision can be determined as q : þ ¼ Hðq : À Þ. The superscripts \ þ " and \ À " imply the time immediately before and after the collision, respectively. Moreover, the stance and swing legs must be relabeled at the end of each step (in terms of which leg is playing the role of stance leg). So, a resetting rule between two sets of the generalized coordinates can also be considered as q þ ¼ Wðq À Þ. The details of H and W are presented in Appendix A. Now, combining these two rules gives a general map of this phase as follows:
In conclusion, regarding a complete stride (i.e., two consecutive steps), the model of the system is a two-domain hybrid one that can be integrated numerically and expressed in the state form as follows:
The superscript k þ i indicates the number of step, in which i ¼ 1 and i ¼ 2 imply the left and right steps, respectively. Note that because of the symmetry between the left and right steps, having the model of each step such as (
can easily obtain the model for the other one, i.e., (f 2 ; g 2 ; u 2 ; Á 2 ). Also the switching surface S i implies a hyper plane in the state space, representing the collision condition in reality.
Periodic Gait Analysis
A common method for stability analysis of periodic gait in hybrid systems is the method of Poincare map. 44 A (stride) Poincare map can be de¯ned by a map Pð:Þ that relates the states of the system at the beginning of one stride, k x þ , to that of the next stride, kþ2 x þ , namely,
It can be formed numerically by considering the equations of motion (Eq. (6)). More precisely, this Poincare map samples the°ow of system at the beginning of each stride (intersections with the switching surface). If the state of system at the beginning of a stride returns to its initial value at the end of stride, i.e., x Ã ¼ Pðx Ã Þ, it would be repeated likely in subsequent strides forever and so represents a periodic motion. Hence, any periodic or limit cyclic motion of the walker can be found by solving the following equation to¯nd the¯xed points of the Poincare map:
This can be done numerically using a numerical optimization method such as Newton-Raphson method, for example. Also, regarding the stability evaluation of periodic motion, if the Jacobian of linearized map (i.e., kþ2 x þ ¼ J k x þ ) in the neighborhood of the¯xed point has eigenvalues inside the unit circle, the¯xed point or the corresponding periodic motion is an asymptotically stable one.
Passive Walking
In this section, the model is located on a particular downhill slope without any actuation or control (u ¼ 0Þ, and is a®ected only by the gravity. This passive walker exhibits some stable periodic gait patterns in terms of the sti®ness of the compliant ankle.
For instance, the walker is considered on a ramp of angle ¼ 0:0702 rad. The parameters of the model (Table 1) are the same as those used by Sabaapour et al. 17 All variables are presented in dimensionless form using the leg parameters, i.e., length l, mass m, and time ffiffiffiffiffiffi ffi l=g p .
Moreover, to satisfy the assumptions and to be as close as to the arc-feet model, the sti®ness of the ankle springs is minimally chosen as
in which R is the arc foot radius of the model used by Sabaapour et al. 17 The value of k has been determined on the basis of the 2D model approximation of Ref. 18 . It seems that both arc foot and ankle spring have a positive e®ect on the movement of the Center of Pressure (COP) of the stance foot, moving it in the same direction as the model, hence enhancing its stability. Assuming that the COP movements are [4] [5] [6] [7] . A movie of this passive walking simulation over 20 steps can also be found in the attachment of the paper. The Jacobian analysis of the Poincare map about the mentioned¯xed point endorses the asymptotical stability of this periodic 
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motion, as its maximum eigenvalue shown in Fig. 8 is less than unity, i.e., j max j ¼ 0:7761 < 1.
This means, if the system gets an initial condition which is a little perturbed rather than the aforementioned¯xed point, i.e., x 0 ¼ x Ã þ x, it would be attracted 
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by that periodic motion or limit cycle again (in state space viewpoint). In other words, as shown in Fig. 9 , the walker turns incrementally towards the steepest descent to follow the aforementioned 3D passive periodic motion again.
Potential Energy Shaping Control
In this section, some theoretical principles of the potential energy shaping for a 3D walking control are discussed. Our goal is to extend the previous periodic gait patterns of a passive walker to other ramps with arbitrary slope angles by adding minimal active control. In general, the slope changing of a ramp can be represented by a general rotation matrix A with respect to the world frame that relates its old orientation to a new one (or equally relates any point e to a new point Ae) (Fig. 10) . Accordingly, the slope changing action on the con¯guration space Q is de¯ned as a map, F, that takes the generalized coordinates vector q to a new generalized coordinate vector F A ðqÞ. 33 In other words, F A ðqÞ is a map specifying the new generalized coordinate vector of walker as a function of its old generalized coordinate vector q (both with respect to the world¯xed frame) when the walker has been imposed by the rotation matrix A. Considering these de¯nitions, the following important consequences are expected. corresponding passive walker ðu ¼ 0Þ on a particular slope, then a periodic solution trajectory for the powered robot ðu 6 ¼ 0Þ on a new slope designated by rotation matrix A is F A : ½0; t ! Q, when the following feedback control input is used:
in which U g ðF A ðqÞÞ or U g A indicates the gravitational terms of potential energy under the aforementioned slope changing action. It should be noted that the control input here may be a vector of joint torques related to all generalized coordinates or DOFs of the robot.
Proof. It can be found that, under the slope changing action, the kinetic energy, T , is invariant, 33 and so is the nongravitational terms of potential energy, U k . Therefore, taking the control input to the left side in the single support's equation of motion, Eq. (2), and then using the given control law (u ¼ B À1 @ @q ðU g À U g A ÞÞ and the above invariant facts (
, we can rewrite the equation of motion of robot as
This implies that using such control input, the equation of motion of robot would be identical to that of the corresponding passive walker who exposed to the slope changing action A. In other words, Eq. (12) states that for the single support phase, F A is a solution trajectory of the equally passive system or controlled robot on the new slope designated by A. Furthermore, since the collision map is also equivariant under the slope changing action, 33 the mentioned solution is preserved for the whole motion of the closed loop system. 
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Indeed using such control input, the common vertical gravity vector is cancelled and a new virtual gravity vector g A is imposed such that the relative con¯guration between the gravity and ground is the same as that of the original passive system (Fig. 10) .
It should be noted that, for a robot with nonholonomic constraints like the arc-feet model of Refs. 16 and 17, similar results can be extracted by the following corollary.
Corollary 1. For a biped model with nonholonomic constraints, let q T e ¼ ½q T p T T be the extended generalized coordinates, in which the independent and dependent generalized coordinates, q and p, respectively, are related by the following constraint equation:
where J c is called the constraint Jacobian. The results of the previous theorem are preserved for the constrained system using the following control input:
Proof. The virtual work of the system induced by the control input, W u , can be written as
where u e and B e denote the extended control input vector and its coe±cient matrix, respectively. Knowing the constraint Jacobian, one can write:
Substituting ±q e from the above equation into the virtual work equation, Eq. (15), yields the following relation between the independent and extended control inputs:
Now, if we apply the previous control theorem for u e , i.e., u e ¼ B À1 e @ @q e ðU e ðq e Þ À U e ðF A ðq e ÞÞÞ; ð18Þ the¯nal equation of corollary will be straightforward. It should be noted that U ¼ U g and accordingly, U e ¼ U g e for the arc-feet biped model.
Controlled Walking
In this section, a same model including same ankle structure is considered as a powered controlled robot rather than the previous passive walker. The only exception is that some extra joint torques is added to all DOFs of controlled robot (control inputs). Here, the model of study is considered on the level surface, for instance, with a full actuation as u ¼ ½u ' ; u ; u ; u sw T to control all DOFs of the ankle and hip joints. So, the input coe±cient matrix is B ¼ I 4Â4 . The aim of this section is to reproduce a passive periodic gait pattern that belongs to the passive walker on a particular slope , for the corresponding powered robot on the level surface that is A ¼ 0. Hence, we use the feedback control law of Eq. (11) with regard to the slope changing action of ¼ A À ¼ À about Y -axis (similar to what was shown in Fig. 10 ). The map of the slope changing action on the con¯guration space can be determined by using the following equation:
where R (or R A ) is the 3-1-2 interpretations of the 3D Euler rotation matrix, describing the orientation of the stance leg with respect to the world frame, for the system on the slope (or A ). For example, R A related to the current level surface is
Also, A is the matrix of slope changing, and it is as follows:
In conclusion, the new generalized coordinate related to the level surface can be determined as
; ð22Þ
where q ¼ ½' 0 ; 0 ; 0 ; sw0 T represents the generalized coordinate related to the previous slope . Note that in case of 2D walking, this map is simpli¯ed to F A ðqÞ ¼ ½0; 0; 0 À ; sw0 T . The gravitational potential energy under the slope changing action, U g ðF A ðqÞÞ, is actually a potential energy induced by the virtual gravity vector g A ¼ Ag, where g denotes the real gravity vector. Thus, the gravitational potential energy of the robot as well as its gravitational potential energy under the slope changing action can be expressed as
where r cm;i denotes the CM of the ith leg. The gravitational potential energy of the robot and its gravitational potential energy under the slope changing action arē nally obtained in dimensionless form as
in which 
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Finally, using the feedback control law of Eq. (11), one can¯nd the control inputs as
For a numerical example, the passive periodic gait discussed in Sec. 4. Is considered to be reproduced, that is ¼ 0:0702. All other parameters of the model are assumed to be the same as those in Sec. 4. The¯xed point of the controlled walking can be determined by mapping that of the original passive walking, or using a numerical optimization to¯nd the¯xed point of new Poincare map directly. Anyway, it is as follows: the paper. In Fig. 15 , the pitch angle phase plots of passive and controlled walking are compared. As it can be seen, the results are the same except that the controlled walking plot is shifted along the horizontal axis. This means that only the pitch angle range has changed. Figure 16 shows the corresponding control input torques. Comparing the absolute torques, we¯nd that the maximum torque is related to the control of the pitch angles in the sagittal plane (ju j max % 0:045; ju sw j max % 0:048), while the minimum torque is related to the control of the roll angle in the frontal plane (ju jmax % 0:005Þ. In case of the active model here, we can also apply the e®ect of ankle springs virtually. In other words, one can calculate and add the ankle spring torques to the prior control inputs to apply them via the joint actuators too (omitting of the springs in 
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practice). Note that the present model has only one nonzero ankle spring corresponding to the stance pitch angle. So, as shown in Fig. 17 , the maximum of this combined input torque would be about ju j max % 0:08 (a little less than twice of prior control input ju j max Þ. 
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It is also worth to note that although the spring torques related to ' and DOFs are zero, the required control inputs related to these directions or motions, u ' and u , are not zero. Obviously, here, these torques are necessitated in order to reproduce the dynamic interactions that a®ect the stability of the 3D walker. This fact, as we expect, shows that the control method works properly and represents one of the main distinguishing factors between the current 3D analysis and the common 2D ones. In a common 2D analysis, u (in-sagittal plane control input) seems su±cient for controlling the passivity-based biped robot. However, in a 3D analysis similar to the one we have here, u ' and u (out-of-sagittal plane control inputs) are also necessary.
Conclusion
This paper,¯rstly, developed a theoretical 3D compass gait biped model with°at feet and compliant ankle in which a stable and purely passive walking can be realized. Then, the general 3D form of potential energy shaping method as an attractive PBC of bipedal walking was applied on this model and investigated directly. It was demonstrated that passive periodic gait of the mentioned 3D purely passive walker related to a particular slope surface can be exactly reproduced on other arbitrary slopes for the relating 3D powered robot. This is done by using only an appropriate feedback control to compensate for the e®ect of gravity. Some numerical examples were conducted to quantitatively evaluate the results, namely a stable passive walking on a ramp and the corresponding controlled walking on the level surface. It is remarkable that since the passive dynamic walking is naturallooking and optimal, the present PBC of walking is natural-looking and near optimal. Future works include resolving some limitations of this method (like the need for full actuation) as well as exploiting the results for other maneuvers such as turning.
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where ! i and ! isw are the ith elements of angular velocity vector of the stance and swing legs, respectively, described in coordinates of the stance leg, i.e.,
and B ij is ði; jÞ element of a symmetric matrix B de¯ned as follows accordingly:
ðA:4Þ
and I ij is ði; jÞ element of the moment of inertia matrix I.
The nongravitational part of the potential energy is due to the e®ect of ankle springs and can be considered as Moreover, E speci¯es the constraint matrix with the following elements:
E 11 ¼ wC 'C À S'ðS þ Sð þ sw ÞÞ þ C 'S ðC þ C ð þ sw ÞÞ; E 21 ¼ wS'C þ C 'ðS þ Sð þ sw ÞÞ þ S'S ðC þ C ð þ sw ÞÞ; E 31 ¼ 0; E 12 ¼ ÀwS'S þ S'C ðC þ C ð þ sw ÞÞ; E 22 ¼ wC 'S À C 'C ðC þ C ð þ sw ÞÞ; E 32 ¼ ÀwC À S ðC þ C ð þ sw ÞÞ;
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E 13 ¼ ÀS'S ðS þ Sð þ sw ÞÞ þ C 'ðC þ C ð þ sw ÞÞ; E 23 ¼ C 'S ðS þ Sð þ sw ÞÞ þ S'ðC þ C ð þ sw ÞÞ; E 33 ¼ ÀC ðS þ Sð þ sw ÞÞ; E 14 ¼ ÀS'S Sð þ sw Þ þ C 'C ð þ sw Þ; E 24 ¼ C 'S Sð þ sw Þ þ S'C ð þ sw Þ; E 34 ¼ ÀC ðS þ Sð þ sw ÞÞ; E ij ¼ 1 for i 6 ¼ j; i and j 2 ½5; 6; 7; E ij ¼ 0 fori 6 ¼ j; i and j 2 ½5; 6; 7: ðA:11Þ
On the other hand, the resetting map between the generalized coordinates at the end of each step, i.e., Wðq À Þ which was mentioned in the collision map of Eq. (5) can be written as the signs of the model's parameters, namely, w, y, I xy and I yz , must be also reversed at the end of each step to comply with the relabeling of the legs.
